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Abstract 

We study classical scattering phase of CP^ dyonic giant magnons in x CP^. We construct 
two-soliton solutions explicitly by the dressing method. Using these solutions, we compute the 
classical time delays for the scattering of giant magnons, and compare them to boundstate S- 
matrix elements derived from the conjectured AdS4/CFT3 S'-matrix by Ahn and Nepomechie 
in the strong coupling limit. Our result is consistent with the conjectured S'-matrix. The dyonic 
solutions play an essential role in revealing the polarization dependence of scattering phase. 
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1 Introduction 



The gauge/gravity duality helps us to understand strongly coupled dynamics of gauge theory. 
The AdS/CFT correspondence [1-3] is a suitable arena to study this duality. In the last 
year, Aharony, Bergman, Jafferis and Maldacena (ABJM) proposed a 3-dimensional A/" = 6 
superconformal Chern-Simons theory with the U{N) x U{N) gauge group [4]. This theory is 
considered to describe the low energy effective theory of multiple M2-branes. The ABJM model 
has another interesting aspect that it gives us a new example of the AdS/CFT correspondence. 
The dual string theory is the type IIA superstring theory on AdS^ x CP^ background. We refer 
to this duality as AdS4/CFT3 shortly. 

In the well-known duality between the four- dimensional A/" = 4 super Yang-Mills and the 
type IIB superstrings on AdS^ x (AdS5/CFT4 for short), the integrable structure plays a 
key role in understanding the spectrum of both gauge and string theories.^ Amazingly, the 
AdS4/CFT3 duality also has a similar integrable structure. On the gauge theory side, the 
integrability of the ABJM model was found at two loops in [16-20] and at four loops [21,22], 
and showed that the spectrum of conformal dimensions is mapped to that of an alternating 
spin-chain model. Soon after that, assuming full integrability in the planar limit, the all-loop 
Bethe ansatz equations and exact ^-matrix were conjectured [23,24]. On the string theory side, 
it was argued that the Green-Schwarz action on the AdS^ x CP'^ background with /t-symmetry 
partially fixed can be written as a supercoset sigma-model on 05*^(2, 2|6)/[5'0(3, 1) x f/(3)],^ 
whose classical integrability was also discussed [25,27] (see also [26,28,29]). The one-loop energy 
shifts of spinning strings were calculated in [30-34]. The results, however, seem to conflict with 
the prediction from the proposed Bethe ansatz equations. So far, any convincing explanation 
of such a disagreement has not been known, thus we need more knowledge and data on the 
AdS4/CFT3 duality. 

As mentioned above, the spectral problem of the ABJM model is mapped to that of the 
alternating spin-chain model. Once we fix the vacuum of the model, then excitations over 
the vacuum, which are called magnons, are classified by the residual SU {2\2) symmetry. The 
asymptotic spectrum of this model contains an infinite tower of boundstates in addition to fun- 
damental magnons. As shown in [35-37], the (centrally extended) SU {2\2) symmetry constrains 

^On recent developments towards exact spectrum for arbitrary single-trace operators/string states at any 
coupling, sec [5-15]. 

^Not all possible motions of strings in ^^54 x CP^ are described by the 05^(2, 2|6)/[5'0(3, 1) x t/(3)] 
coset model as noted in [25]. The complete Green-Schwarz action describing all possible string motions were 
constructed in [26]. The target superspace of the complete Green-Schwarz superstring action is not a supercoset 
space. 
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the form of boundstate energy: 



eQ{P) = xl^ + ^h^{X) sin' , (1.1) 

where P is the total momentum, and integer Q is the number of magnons. We should emphasize 
that the function h{X) of the 't Hooft coupling A is not determined by the SU {2\2) symmetry. 
The analysis in the Penrose/BMN limit [17, 38, 39] reveals the leading behavior of h{X) at 
strong/weak coupling,^ 

(x + OiX') (A<1), 
h{X)={ (1.2) 

[^2+^^ (A»l). 

The string dual of a fundamental magnon excitation is known as giant magnon originally found 
in [40] . This correspondence is generalized to the one between magnon boundstates and dyonic 
giant magnons in Mt x [41,42]. In AdS4/CFT3, two kinds of giant magnons are known so far. 
One lives in CP^ subspace of CP'^, and the other in MP^ [17,39,43]. The dyonic generalization 
of the latter was easily found since dyonic giant magnons can be embedded into the WF^ 
subspace. The generalization of the former, however, was a difficult problem. This puzzle 
was recently solved in a special case [44] and in a general case [45].^ They found dyonic giant 
magnons in CP^, which have the same form of dispersion relation (1.1). In [45], it was also 
shown that the dyonic giant magnon in MP^ is the composite object of two dyonic giant magnons 
in CPl 

In the present paper, we study the scattering of two CP^ dyonic giant magnons. The 
scattering matrix is a fundamental tool to explore the AdS/CFT spectrum in the large -R- 
charge/spin sector as emphasized in [48]. The S'-matrix is also important in studying the finite- 
size effects via Liischer-type corrections in both string and gauge theories [49-57]. The exact 
S'-matrix of the AdS4/ CFT3 duality have already been conjectured by Ahn and Nepomechie [24], 
and passed many non-trivial checks so far [47,58-64]. Since the CP^ dyonic giant magnons are 
new solutions, which do not exist in the AdS^ x case, it is an important task to investigate 
their scattering. It will shed light on understanding of the AdS4/CFT3 duality. 

Our goals here are to compute the classical phase shift for the scattering of two CP^ dyonic 
magnons, and to compare it to the conjectured S'-matrix of two magnon boundstates at strong 
coupling. To compute the classical phase shift, we first construct general two-soliton solutions 



^Recently, the sub-leading term at weak coupling was determined by the four-loop analysis [22]: h{X) 
A + (-8 + 7rV3)A3 + • • • . 

''Note that the algebraic curve data of this dyonic giant magnon based on [46] was found earlier in [47] . 
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of the CP^ sigma-model. We use the dressing method [65-67], which is a useful technique 
to obtain multi-sohton solutions, for the SU{A)/U{3) coset model [45,68-70] (see also [71,72] 
for the AdS5/CFT4 case). We next read off the classical time delay from these two-soliton 
solutions. The phase shift is finally obtained by integrating the time delay with respect to the 
energy of one of two solitons. We confirm that our result is consistent with the conjectured 
AdS4/CFT3 ^-matrix. As we will see in Section 2, there are two kinds of CP^ dyonic magnons, 
and our result shows that these two kinds of giant magnons just correspond to two kinds 
of excitations in the alternating spin-chain picture: even-site/odd-site excitations. We also 
show that our constructed two-soliton solutions reproduce the dyonic giant magnons in MP^ 
and "breather-like" solutions considered in [68-70] if choosing the parameters of two solitons 
appropriately. This means that these giant magnons can be regarded as composites of two CP^ 
dyonic magnons. 

The organization of this paper is as follows. In Section 2, we give a brief review on the 
dressing method for the SU{A)/U{3) coset model. We classify the known one-soliton solutions 
obtained by this method. In Section 3, we construct two-soliton solutions and compute the 
classical time delays for the scattering of CP^ dyonic giant magnons. In Section 4, we compare 
our result to the conjectured ^-matrix. Section 5 is devoted to the summary of the paper. 
In Appendix A, we reproduce other giant magnons than CP^ ones from our constructed two- 
soliton solutions. In Appendix B, we derive the boundstate ^-matrix elements by using the 
fusion procedure. 

2 Dressing Method and Giant Magnons 

In this section, we review some fundamental results on the dressing method. In [45,68-70], one- 
soliton solutions of the CP'^ sigma-model were considered via dressing method. In particular, 
such one-soliton solutions are classified in [45]. We summarize the classification of one-soliton 
solutions following [45]. 



Our starting point is the two-dimensional sigma-model on x CP^. Since CP'^ ^ S'f/(4)/f/(3), 
the sigma model on x CP^ can be formulated in terms of a 5't/(4)-valued field J-'. The 
embedding coordinate Z = (Zi, Z2, Z^, Z^Y G of CP^ is mapped to this S*?/ (4) -valued field 
J-" as 



2.1 Dressing Method for SU{i)/U{3) Coset Model 




(2.1) 
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where 



^ = diag(-l, 1,1,1). (2.2) 
Then the bosonic action of the sigma-model is given by 

5 = /dVTr(9aJ^J^"^c'"^-F-^), (2.3) 



where we fix the worldsheet metric as h"-^ = diag(— 1,+1). For later convenience, we rescale 
the worldsheet coordinates: (t, x) = (/tr, kct), and consider the decompactification limit, i.e., 
K oo. Thus t and x run from — oo to +oo. We also take the gauge in which the global time 
of target space is identified as worldsheet time t. The conserved charge corresponding to time 
translation is given by 



oo 



E=^-J dx. (2.4) 

The equation of motion of (2.3) is given by 

daid'^TJ^-^) = 0. (2.5) 

This shows that the current J''^ = d^J-'J-'"^, which corresponds to the global symmetry trans- 
formation 

J" uj^eu^^e, u G su{A), (2.6) 

is conserved. The Noether charge is given by 

POO 

Ql= / dxdtTT~\ (2.7) 



In particular, we write the diagonal components of as 

J, = -^y|(Qi)fcfc (A; = 1,2,3,4). (2.8) 

It is easy to check that Jk can be rewritten in terms of the normalized embedding coordinate 
z = Z/\Z\ as 



Jk = 2V2X / dx Im (zkDtZk) , (2.9) 

J — oo 

where covariant derivative is defined by Da = da — with = z ■ daZ. These conserved 
charges correspond to angular momenta rotating in CP'^. Note that they satisfy the equation 
Xlfc -Jk — 0' ^^^^ three of them are independent. 
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Now let us proceed to review the dressing method for the SU{4)/U{3) coset model [68-70]. 
The dressing method is a technique to make a non-trivial solution of equation of motion from a 
known solution. The equation of motion (2.5) is mapped to an equivalent integrability condition 

d±^{\) = (2-10) 

where x± = {t ± x)/2 are light-cone coordinates and A is a complex spectral parameter. J-" is 
the solution of the equation of motion (2.5), which is related to the target space coordinate 
through (2.1). \E'(A) is constrained by the SU(4) condition 

det^(A) = l, (^(A))^^(A) = 1, (2.11) 

and by the inversion symmetry 

^(A) = J^^^(l/A)^, (2.12) 

followed from the coset constraint. When A equals to zero, we easily find the solution of (2.10), 

^(0)=J^. (2.13) 

Once solutions J-" and ^I/(A) are given, we can construct a new solution of (2.10) by the dressing 
transformation: "^'{X) = x{-^)'^{-^)- Then the new solution of (2.5) is obtained by J-"' = \E''(0). 
The transformation matrix xW is called dressing matrix. 
We introduce complex four-component vector F by 

F = ^{0^, (2.14) 

where is a constant complex vector and ^ is a constant complex number. For the SU (4)/f/(3) 
coset model, the dressing matrix is given by 

+ (2.15) 



where 



(2.16) 



and real numbers A, /3, 7 are defined by 



(3 = F^F, ^ = F^7eF, A = --^^^ + -i^^. (2.17) 
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Multiplying the solution \E'(A) by the matrix (2.15), we obtain the new solution, which is 
characterized by the parameters tu, C,- In terms of the projective coordinates, the new solution 
is expressed by 

Z' = {a + eFF^e)Z, (2.18) 

where 

a = -II 2_ (2 19) 

The difference of Noether charge (2.7) between old and new solutions can be represented in 
terms of Qi, Q2- 

aQl = Qr - QT = iQi + Q2)L^^ - (Qi + Q2) L_^. (2.20) 

We mention the affects of the rotation Z = WZ {U G 5^/(4)). The rotated vectors and 
matrices are given by, 

^!(\) = eu^e^ix)u , T = eu^ej^u, 

(2.21) 

w = t/^rcr , F(A) = eu^9F{\) , x{\) = 9u^ex{X)9ue. 

This modifies the inversion symmetry (2.12) as, 

^'(A) = Te^{l/X)U^eU. (2.22) 

Therefore we can set the rotated inversion symmetry (2.22) by choosing arbitrary U G SU{A). 
It is the only modification. Other conditions are not affected by the rotation and the dressing 
(2.18) is consistent with it. 

2.2 Dressing the Vacuum — Giant Magnons 

Let us apply the dressing method to the vacuum solution. We start by the following (BPS) 
vacuum solution, 

Zo = (e**/^0,0,e-'*/2)^, (2.23) 

and 

/ e**\ 



-^0 



10 
10 
\-e-^* / 



(2.24) 
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Since the Noether charge of the vacuum solution is easily calculated as 



Ql 



dx diag(l, 0, 0, 



the conserved charges satisfy the BPS condition, 

Ji — J4 



E 



, Ji — — J4 , J2 — J3 



0, 



(2.25) 



(2.26) 



The equation (2.10) for the vacuum solution (2.24) is easily solved, and we find 

/ e*^W\ 

T 10 

10 

\^_e-iS(A) 00 y 

where 



(2.27) 



S(A) 



X4 



(2.28) 



1 + A 1 - A 

The vacuum solution satisfies the rotated inversion symmetry (2.22) with U given by (2.29).^ 
We multiply the vacuum solution (2.27) by the dressing matrix (2.15). In [45], the dressed 
solutions are classified by polarization vector -ca = (ti7i, f2*, -^4)*.^ There are three types of 
solutions classified by 

• zuij^ , zu/i = , 

• OTi = , tA74 7^ , 

• zuij^ , W4 . 

We don't need to consider the case Wi = 074 = because these solutions are equivalent to the 
vacuum solution. In the rest of this section, we construct the dressed solutions for the above 
three cases, and calculate the conserved charges. 



^It is possible to make the vacuum solution that satisfies the original inversion symmetry (2.12), see [69]. 
^In this paper, we use the different basis of projective coordinates from that in [45]. To relate ours with [45] 's, 
we need to rotate Z and 1x7 by the matrix 



U 



fl/V2 l/\/2\ 

10 

1 

\i/V2 -i/V2j 



(2.29) 



and to rescale the worldsheet coordinates (t, x) twice. 
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2.2.1 tui 7^ 0, = case 

Let us construct the solution for the case g7i 7^ and = 0. Without loss of generality, we 
can set zui = 1. Using (2.18), we obtain the dressed solution, 

- fie ^ 



Z' 
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where we introduced two real variables u and v given by 

M = ^(E(0-E(0), t; = E(0 + S(0-t. 
In terms of ^ = re*^/^, these are expressed by 

M = (x cosh 6 — t sinh 0) cos a, v = {t cosh — x sinh 6) sin a, 

where 



cot a 



2r /p 

n sm - 

l-r2 V2 



tanh^ 



2r 

?r cos , 

l + r2 V2 



Using (2.20), we obtain the difference of conserved charge 





2i 



sm 



Thus the angular momenta are given by 

/2A 



Ji = A 

Jn- 



(0) 



sm 



V 









r 



J4 = + V2Xr 



sm 



where Jq is the angular momentum in the direction of (0, f2,0), and jj^^ is the angular mo- 
mentum of the vacuum solution. Eliminating r, we find the dispersion relation 

Ji — J4 



(2.30) 



(2.31) 



(2.32) 



(2.33) 



(2.34) 



(2.35) 
(2.36) 



E 



72 



2 V 4 -^^^'-nlj- P^^^) 

This dispersion relation has the same form as that of dyonic giant magnons on x S"^ considered 
in [42]. Since the solution (2.30) lives in the subspace CP^ of CP^, we call it CP^ dyonic giant 
magnon. Note that angular momentum Jq can be also expressed in terms of ^ as 



aA72 



(2.38) 
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As we will see in Section 4, the spectral parameters ^ and C, should be identified as X+ and 
X~ in the spin-chain description, respectively. Ordinary, we require because of the 

positivity of the energy. Therefore we also require |^| > 1. 



2.2.2 zui = 0, ZU4 ^ case 

Next, let us consider wi = and W4 ^ 0. As mentioned in [45], the solution with and is 
same as the one with -07 = —Ovc and = 1/.^. Combining this and the symmetry transformation 
(2.6), we can show that the solution with vc' = —U^^OU'dj and ^' = 1/^ {U G SU{4)) also 
gives us the same solution. If we choose U in (2.29), the transformation matrix becomes 

/O l\ 
0-100 
0-10 
\1 0/ 

thus the transformation exchanges Wi and ^4. For example, the solution with ^ and vj = 
(0, S~i*, 1)* is mapped to the one with ^' = 1/C, and tu' = (1, — f2*, 0)*. We can recycle the result 
in the previous subsection to construct the solution with ^ and = (0, O*, 1)*, and find 



(2.39) 



Z' 



( 



, »tng(g2_i)" 
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-it/2 



(2.40) 



where u and v are given by (2.32). The condition |^| > 1 distinguishes this solution from (2.30) 
in the previous subsection. The angular momenta are given by 

/2A 



Ji = Jj°^ - V2Xr 
Jn = 



. P 
sm - 
2 



J4 — 7i ^ + 



. P 

sm - 
2 





. p 




sm - 




2 



(2.41) 



and the dispersion relation takes the same form as (2.37). 

These two types of CP^ dyonic giant magnons have a significant meaning. That is, these two 
types are expected to correspond to even-site or odd-site excitations'^ of the alternating spin- 
chain on the gauge theory side. By the charge consideration, we can guess the correspondence 
between the polarizations of the CP^ dyonic magnons and the (bosonic) excitations of the spin- 
chain as shown in Table 1. Indeed, we will confirm that the scattering phase-shifts of CP^ 
dyonic magnons with various polarizations agree with those of the corresponding spin-chain 
excitations (up to a gauge dependent term). 



^We choose the vacuum of the spm-cham as (4.1). 
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Table 1: Correspondence between the polarizations of giant magnons and the spin-chain exci- 
tations. We assume r = |^| > 1. 



Polarization vj J2 J3 Corresponding excitation 
(1,1,0,0)* y[^2 

(1,0,1,0)* - Y^^Y^ 

(0,1,0,1)* +0 Y^^Y^ 

(0,0,1,1)* + Y^^Y^ 



2.2.3 tui 7^ 0, 7^ case 

In this case, we can set vcr = (to, O*, l/w)* without loss of generality. Let us write w = e'^ 
where c is a complex constant parameter, then 

ft 



(2.42) 



where S = S(^) = (— m + v + t)/2. We can set c = because c is absorbed by shifting u and 
V. We easily obtain the solution. 



(2.43) 



The conserved charges are given by 



Jl = — J4 , </2 = ^3 = 0. 



sm - 
2 



(2.44) 
(2.45) 



This solution is the breather- like giant magnon considered in [68-70]. The same solution is also 
obtained by dressing the vacuum twice. See Appendix A for detail. 

There is another type of dyonic giant magnons, which live in MP^ subspace of CP^. In 
Appendix A, we will show that these giant magnons can be constructed by using two-soliton 
solutions obtained in the next section. This consequence is natural because the dyonic giant 
magnon in MP^ is regarded as a composite of two CP^ dyonic magnons with equal soliton 
momenta. 



10 



3 Two-Soliton Solutions and Classical Time Delay 



In the previous section, we reviewed the classification of one-soliton solutions obtained by the 
dressing method. Here we construct two-soliton solutions and calculate the classical time delays 
of these solutions. 



3.1 Construction of Two-Soliton Solutions 

The way to construct two-soliton solutions is very simple. We apply the dressing method to 
one-soliton solutions. Let us start with the one-soliton solution with and -oji, 

Z' = (ai + eFiF/e)Zo, (3.1) 

where Fi = \l/o(.^i)'c:7i and 

«! = = = , 3.2 

with Pi = F^Fi, 7i = FIj^qOFi. Note that ^q{X) and J^o are mapped to \l/i(A) and J^i 
respectively by the dressing transformation: 

v|/i(A) = x(A)vl>o(A), J-i = vi/,(o) = x(0)J-o. (3.3) 

The two-soliton solution is obtained by dressing this one-soliton solution. The solution is given 
by 

Z" = {a', + eF^F^^e)Z', (3.4) 

where F2 = \I^i(6)'^2 and 

a-=-^- -^^ , (3.5) 

' 6-6 66-1 

with P2 = F2F2, 72 = F2 Fi9F2. After lengthy computation, we finally arrive at the useful 
expression, 

Z" = (aiia22 - «i2a2i + a229FiFl9 + auOF2F^9 - &i29FiF^9 - a2i9F2Fl9)Zo, (3.6) 
where Fi = \l/o(6)'^i (^ = I72) and 

6-6 66-1' ^'^ 
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with I3ij = F^Fj, 'jij = F}j^Q9Fj. This two-sohton solution is characterized by the parameters 
and vji [i = 1,2). Here we focus on the case that both sohtons are CP^ dyonic giant magnons. 
Since either the first or fourth component of polarization vector vanishes for CP^ dyonic 
giant magnon, there are essentially two possibilities: tui = (1,17^,0)*, -072 = (l,ri2,0)* or 

II7i = (l,n*,0)*, IZ72 = (0,O*,l)*. 

First, let us consider zui = (l,f2^,0)* and -072 = (l,f22,0)*. Using (3.6), we obtain the 
explicit profile, 

2 



66 



6-6 



6-6 



UI+U2 



22 



6-6 
66 



foe"2 foe"2i fie"i2 

Kn^^ - Kui^ - K^iT^ + (A^ii^22 - ^^12^^21) 



6 — 6 6 — 6 
2 



'6-6 



(6-6)(6-6) 



6-6 



6-6 



+i^22::^^ + K^x^^ - K^2^^ - i^2if^ + (i^iiA'22 - K^2K2x) 



■6-6 



6-6 



'6-6 



6-6 



(3.8) 
(3.9) 



6 6 6 ^U2 + («l+TOl)/2 _|_ ^^^g(Ml+TOl)/2 _ ^_^^g(jl2+jtI2)/2 



.6 — 6 6 — 6 

where m^- = i(S(^i) - S(^j)), = S(^i) + S(^j) - t (2, j = 1, 2), and 

(6-6)(66-i)' 

It is useful to express Uij and Vij in terms of and Wj, 

Ml + M2 + ^(t'l - V2) 



rii + (1^2), (3.10) 



(3.11) 



Uii = Ui , Ui2 = U21 



Vii = Vi , V12 = V21 



V1+V2- i[ui - U2) 



(3.12) 
(3.13) 



Next we construct the two-soliton solution with -ccti = (1, 17^, 0)* and -072 = (0, O2, 1)*. As 
in the one-soliton case, we obtain the desired solution by replacing ^2 and -072 with ^2 = 1/6 



12 



and -072 = —U ^9U'uj2 imposing (2.39). The final result is lead to 

2 



ei6 



66 - 1 



66 - 1 



(3.14) 



22 



6-6 
66 



6e- 



-IV21 



+ K 



12- 



6 - 6 66 - 1 

2 

UI—U2 



66e 



11112 



21 



66 - 1 



(6-6)(6-6) 

6e"^ 



66 - 1 



22 



6-6 



66 

6e- 



6-6 



+ K 



12- 



66e-^"^^ 

66 - 1 



K. 



21 



6-6 



+ iKuK22 - K12K21] 



Z'i. 



6 _ 66 J- ^-tt2+(Mi+it;i)/2 , ^ {Mi+™i)/2 _ ^ -(„2+r«2)/2 

6 - 6 66 - 1 



+ 



6 _ 66 1 tti-(»2+ii^2)/2 , g-{«2+ii^2)/2 _ ^ («i+it;i)/2 

6-666-1 



f22 



(3.15) 



-it/2 



(3.16) 



3.2 Classical Time Delay for Two-Soliton Scattering 

Since we have obtained the explicit profiles of two-soliton solutions, we can proceed to the stage 
to evaluate the classical time delay of two-soliton scattering. Below we consider the time delay 
when soliton 1 passes soliton 2. The velocity of soliton i is given by = tanh6'j where Qi is 
defined by (2.33). We assume Vi > V2 > 0. To find the time delay, we substitute x = Vi(t — 6t) 
into (3.8)-(3.10) or (3.14)-(3.16), and compare the behavior in the asymptotic limit t — )■ ±00 
to the one-soliton solution with x = Vit. 

Let us consider the scattering of two CP^ dyonic giant magnons with -cji = 0)* and 

-072 = (1, ^^25 0)*- Without loss of generality, we can set 

= (1,1, 0, 0)*, -CC72 = (1, e*" cos 0, e'^ sin 0, 0)*. 



At t — )■ —00, the solution (3.8)-(3.10) reduces to 



K11K22 — -^^12-^*^21 

KuK22 - K,2K 

21 



-it/2 



^2 1 _^ -^1-^22 - K12K21 



z'L 



Here 



i^ii 

K12K21 
K11K22 



K11K22J 6-6 

Ki2K2i y /l-ge-cos 
K11K22) \ |2ie^^sin0 



,(?il+jDl)/2 



(6 -6) (66-1) 



(6 -6) (66-1) 



cos^ d) + sin^ - 



(3.17) 

(3.18) 
(3.19) 
(3.20) 

(3.21) 
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then we can read off the time delay easily, 



5t^ 



6-6 66-1 



6-6 66-1 



cos^ d) + sin^ • 



(3.22) 



Similarly, we can compute the behavior at t — )■ +oo: 




-it/ 2 



_^ _6e^6j2i^g(ni+™i)/2j-^^ 

6 — 6 6 — 6 



(3.23) 
(3.24) 
(3.25) 



thus the time delay is given by 

St. = 



a - & 

Combining above results, we get the total time delay 
ATi2 = 6t+ - 6t_ 



6-6 



6-6 



(3.26) 



16-1^6 + 11 

6^ - 



log 



6-6 



6-6 



66 



66 - 1 



cos 



6-6 



6-6 



sm 



(3.27) 



For the case -cui = (1, 1,0,0)* and -072 = (0, e*" cos 0, e*'' sin 0, 1)*, the computation can be 
done in a similar manner. We write only the final result. 



AT12 = -z 



.i6-in6 + ip 



6^ - 6^ 



log 



6-6 



6-6 



66 



66 



cos (f) + 



66 



66 



sm 



(3.28) 



In particular, the following four types of scattering are important for the comparison with the 
proposed AdS4/CFT3 S'-matrix (see Table 1): 
(I) = (1,1, 0, 0)* and tU2 = (1, 1, 0, 0)*, 



i6-in6 + ip 



log 



6-6 



6^ - el 

(II) z^i = (1, 1, 0, 0)* and -072 = (1, 0, 1, 0)*, 

(ID .j6-in6+ip 



6-6 



66 - 1 



66 



(3.29) 



AT, 



12 



e, - el 



log 



6-6 
6-6 



(3.30) 
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(Ill) voi = (1,1, 0, 0)* and = (0, 0, 1, 1)*, 



AT, 



(III) 
12 



-2i 



(IV) rc7i 



:i, 1,0,0)* and = (0,1,0,1)*, 



log 



ei6 - 1 



66 



(3.31) 



(IV) 



12 



- el 



log 



6-6 



6-6 



66 



66 



1 



(3.32) 



To evaluate the classical phase shift, we integrate the time delay with respect to the energy of 
soliton 1. 

In the end of this section, we notice the scattering of two elementary giant magnons. If 
we take the limit — )■ 1, the CP^ dyonic giant magnons reduce to the CP"^ giant magnons.® 
In this limit, the time delays (3.27) and (3.28) do not depend on 0, and become equal. This 
means that the polarization dependence of scattering phases cannot be observed as long as we 
consider the scattering of elementary giant magnons. We need to consider the dyonic solutions 
to distinguish the scattering of various polarizations. 



4 Comparison with Proposed S'-matrix 

In this section, we compare the classical scattering phase-shift computed in the previous section 
to the proposed exact S'-matrix in [24]. The ABJM model has four complex scalar fields 
{i = 1,...,4). Here we take the groundstate of the spin-chain with infinite length as the 
following BPS operator: 

TriiY'Y^)'^] , (L ^ 00) . (4.1) 

The choice of the vacuum preserves the SU{2\2) symmetry of 05*^(2,216). This residual sym- 
metry classifies excitations over the vacuum (4.1). The excitations transform in short represen- 
tations of SU(2\2). Note that there are two types of elementary excitations replacing odd-site 
Y^ or even-site yJ by fields in the fundamental representation of SU{2\2). 
The two-body S'-matrix between elementary excitations can be written as 

§««(xf ,xf) = S^^(x^,4) = 5o(x±,4)§(x±,4) , (4.2) 
§«^(xf , xf) = §^«(xf , xt) = Soixf, xfPixt xf) , (4.3) 
'^More precisely, we have to tune fJ^ at the same time. See Appendix A for detail. 
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where S i the S'-matrix of two odd-site excitations, and so on. The spectral param- 

eters xf (j = 1,2) satisfy the equations: 





/i(A)' X 



x+ 

^ = e'P^ , (4.4) 



where pj is a momentum of each magnon. The matrix part S(xf,x^) is determined by the 
SU{2\2) symmetry, and takes the same form as the case of AdS5/CFT4 [35,36,73]. The scalar 
parts So{xf, xf), So{ constrained by the unitarity, crossing invariance [74] and charge 

conjugation. It is proposed in [24] that they should take the form 

Soixt 4) = ! I liH'^l] 4) , S,{xf, xt) = %^ a{xt xf) , (4.5) 

i i-/ [Xi X2 ) Xi X2 

where a{x^,xf) is the BHL/BES dressing phase [75,76] in which gAdSs = y^^AdSs/ (4vr) is 
replaced by h{\). 

In order to compare the result in the previous section to the proposed S'-matrix, we have to 
consider the scattering of two BPS boundstates. According to Table 1, the CP^ dyonic magnon 
with Tu = (1,1,0,0)* corresponds to the magnon boundstate such that all constituents are 
even-site excitations (f)E{= Y-i), for example.^ Thus, it suffices to consider the following four 
types of boundstate scattering: 



(I) 0l,(xf )0i,(x±) ^ <pUxt)^Uxi), 

(II) <l>Ux^)<l>Uxi)^<i>Uxt)<PUx^), 

(III) <pux^)<puxi) ^ <pux^)<ph{xi), 



(IV) <PUx^)<Pl{xi) ^ <pUxt)<PUx^), 

where 0^^q(X^) denotes the boundstate with spectral parameters consisting of all even/odd- 
site excitations (p^^/Q- These S'-matrices can be obtained by using the fusion procedure. ^'^ In 
Appendix B, we derive them in detail. The results are given by 

5m(X±, xi) = 5bds(^^ Xi)a{Xt, X±) , (4.6) 

S^''\xt,Xi) = SBDsiXi,Xt)S2iXt,Xi)aiXt,Xi) , (4.7) 

5("i)(X±,X±) = a(X±,X±), (4.8) 

^(iv)(X±,X±) = S2{X^,X^)a{Xt,Xi) , (4.9) 



^We denote the fundamental fields of SU{2\2) as {0\02|^\^2|^ 

-'^^Note that the full SU (2|2)-nivariant S'-matrix for boundstates was obtained in [77] based on the formulation 
of [78]. Their result, however, is complicated, and we could not read off our interested components of the full 
S'-matrix. For some special cases, we can easily construct the boundstate S-matrix elements by the fusion 
procedure as done here. 
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where S'bds(-^i'; ^2^) S2{X^, X^) take the forms (B.16) and (B.17), respectively. The 
spectral parameters of boundstates satisfy the relations, 



iQj 



X 



3 



e^^^S (j = l,2) 



(4.10) 



/ V / MA)' Xr 

where Pi, P2 are the total momenta of boundstates. The energies of boundstates are given by 



2i 



XI 



XI 



'^ + 4/^2(A)sin^ (^). 



(4.11) 

. . I I/O- \ /. I 

'J / \ '3 

Comparing (4.10) to (2.38), we should identify the spectral parameters here with those in the 
dressing method: 



xt — ii, X^ — ^1 , X2 — ^2, X2 — ^2 • 



(4.12) 



Now let us consider the strong coupling limit of the S'-matrices (4. 6)- (4. 9). In the strong 
coupling limit, the leading contribution of the BDS part is given by 



5bds(^^^2^) ~ exp[-z0BDs(^^^2^)] 



where 



eBDs(^i*,x±) = -2h{\)[k(x*,x*) + k(X{,x.j-) - Hxt,x,:) - kx^.x})] 



k{X,Y) 



log 



(X-Y) 1 



XY 



It is easy to check that S2{X^ , X^) exp[—iQ 2{Xi , X2)] behaves as 

'd2iX^, X2) = — -6bds(-'^i^, ^2^) • 
Finally the dressing part takes the form 

a{Xt,X^) ^ exp[-zQ,{Xt,X^)] , 

where 



e,ix^,xt) 

ko{X,Y) 



-h{mo{Xt,X+) + A;o(Xr,X2-) - ko{Xt,X2) - ko{Xr,X+)] 



^4 



log 1 



XY 



Collecting these results, we obtain the strong coupling limit of (4.6)-(4.9), 

5(^)(Xf , X±) ^ exp[-zegL,,,,(Xf , Xi)] {X = I, II, III, IV) 



(4.13) 

(4.14) 
(4.15) 

(4.16) 

(4.17) 

(4.18) 
(4.19) 

(4.20) 
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where 



Obds + e, , ei;;,U,,„ = Gbds + 62 + 6,, (4.21) 

0rf , ©IS-chain = 62 + e, . (4.22) 

The time delay is given by the derivative of the scattering phase with respect to the energy of 
boundstate X^. Using the identification (4.12), we find 

AriP ^ = ATiP {X = I, II, III, IV) , (4.23) 

where AT^^^"* (X = I, II, III, IV) are the time delays of CP^ dyonic giant magnons given by 
(3.29)-(3.32). These results lead to the relations of phase-shifts on both sides, 

©SLhain = ©Sng + i^E^ - Q2)Pl {X = I, II, III, IV) , (4.24) 

As pointed out in [40,79], the second term above arises due to the difference of gauge choices in 
string and gauge theories. On the string theory side, we choose the gauge such that the density 
of energy E is constant. On the gauge theory side, we choose the gauge (B.ll) such that a 
unit length of spin-chain is assigned to a field in the single-trace operator. Because of such a 
difference, the spin-chain length and the worldsheet length are also different. In the end, the 
S'-matrix in different gauges differs by an extra factor. See [40, 79] for more detail. 



0(1) 

spin-chain 

@(in) 

spin-chain 



5 Summary 

In this paper, we consider the classical scattering of two CP^ dyonic giant magnons, which are 
fundamental objects in the AdS4/ CFT3 duality. Using the dressing method for the SU (4)/[/(3) 
coset model, we constructed general two-soliton solutions on x CP^. These solutions allow 
us to compute the classical time delay of the soliton scattering. We compared the time delay 
to the proposed S'-matrix in the ABJM model. 

Our computation shows that the classical scattering phase of CP^ dyonic giant magnons 
agrees with that of magnon boundstates in the ABJM model up to the gauge dependent term. 
In the ABJM model, there are two types of excitations, that is, odd-site excitations and even-site 
excitations. The correspondence between the polarizations of giant magnons and the spin-chain 
excitations is summarized in Table 1. The polarization dependence of scattering phase does 
not appear as long as we consider the scattering of elementary (giant) magnons, and thus we 
need to consider dyonic solutions/magnon boundstates to see it. 
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There are some directions to be studied in the future. It is interesting to consider the one- 
loop correction of the scattering phase as done in the AdS5/CFT4 case [80]. For this purpose, 
we need to analyze the quantum fluctuations around the classical background (giant magnon). 
The classical scattering data for small fluctuations around the giant magnon can be obtained 
from multi-soliton solutions. In the AdS4/CFT3 case, however, one should be careful that the 
sub-leading term of h{X) might also contribute to the phase-shift at one-loop level. Thus it 
is an important task to know the sub-leading behavior of h{X) at strong coupling. It is also 
interesting to investigate the scattering of spiky strings. In [81], it was shown that the classical 
phase-shift of two single spike solutions is curiously the same as that of giant magnons up to 
non-logarithmic terms. The gauge theory interpretation of the single spike solution is unclear 
so far. For the AdS4/CFT3 case, it is intriguing to compute the phase-shift of single spikes and 
to confirm whether it is also same as that of giant magnons or not. Our two-soliton solutions 
would be useful for this purpose. 
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A Other Giant Magnons 



Here we show that CP^ dyonic giant magnons produce other types of giant magnons. We also 
consider the limit in which dyonic solutions reduce to elementary giant magnons. 



A.l Dyonic Giant Magnons in MP 

Dyonic giant magnons in can be embedded into RP^. The embedded solution is given by 

f e**/2(cos| + isin|tanhf) \ 

(A.i: 



2 

sin fsechf 
g-™/2 gij^ |sech| 



\e-**/^(cosf -zsinf tanhf)/ 

where u and v are given by (2.32). We show that this solution is also obtained from our two- 
soliton solutions in Section 3. In the solution (3.14)-(3.16), we fix the parameters = ^2 = ^, 
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ri|ri2 = 0, rijfii = fl2fl2 = l- Then we obtain 



f „tt/2 _|_ pp-ul2 



fptt/2 _|_ fp-M/2 



^3; 



Rescaling the coordinates by overall factor 
we get 

7" ( P ^ ■ ■ P ^ it/2 

Z-i = COS — h ^ sm - tanh — e ' , 
^ V 2 2 2/ 



^3' 



= f cos ^ - z sin ^ tanh -) e~''/^ 
^ V 2 2 2/ 

= (sin|sech^) (^^^le'''/2^^^^2e-™/'). 



(A.2) 



(A.3) 



(A.4) 



Thus we obtain the MP dyonic solution by choosing fij (i = 1, 2) as follows, 

zfli = , = . (A.5) 

The above result means that the MP'^ dyonic giant magnons are composites of two different 
kinds of CP^ dyonic giant magnons with equal soliton momenta. On the gauge theory side, 
the composite operators of odd-site and even-site excitations with equal magnon momenta 
and /^-charges correspond to these dyonic giant magnons. This is consistent with the results 
of [58-60]. 



^Note that this was pointed out in [45]. 
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A. 2 Breather-like Solutions 



The breather-like solutions (2.43) can also be obtained from the two-soliton solutions. In 
(3.14)-(3.16), we fix the parameters = ^2 = ^, 0,i = Q,2 = il, then get 

e(f _i) 1 ^e^ + ev- , eee™ + e-' 



z'; = Ku 



Z'l = K 



11 



+ 



a-1 



-it/2 



(A.6) 



4'. 



11 



where VL^ = ft^ft. We rescale the coordinates by overall factor K^^ and replace the parameters 
as follows, 



O 

e^e, iu,v) ^ {-u,v). 



(A.7) 



The solution become 



-Aii z T \- 



-K 



11 



Z'{ 
^3; 



-it/2 



(A.8) 



This is precisely identical to (2.43). The parameter configuration makes the solution that 
corresponds to the even-odd excitations like Y^yI — )■ Y^Y2 . Thus it seems to be natural that 
the breather-like solution is reproduced by it. 



A. 3 Reduction to Elementary Giant Magnons 



Let us consider the limit such that dyonic giant magnons reduce to elementary giant magnons. 
If we take the limit |^| — > 1 in MF^ dyonic solution (A.l), we obtain 



/ e^*(cosf + zsin|tanhf) \ 



sin |sech| 
sin |sech| 



(A.9) 



\e **(cos I - 2 sin I tanh |) / 
This solution is the giant magnon in MP^. 
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To obtain giant magnons in CP^, we should be more careful. Taking the limit |^| — > 1 
naively in CP^ dyonic solution (2.30), the solution diverges. To obtain the regular solution, we 
impose the condition such that 



where u is an arbitrary real parameter. In this limit, (2.30) reduces to 



(A.IO) 



Z' 



u e 



t/2 \ 








(A.ll) 



Multiplying -(^ - 0^""^^ by (A. 11), we find 



Z' 



I (ee"/2 + a;(^-^)e-«/2) e'^^ 





(A. 12) 



If we set uj{^ — C) — ~^ ^"^^ rotate (A. 12) by unitary matrix U = diag(e 1, l,e*^/^), we 
finally obtain 



UZ' 



/ _ ^g--«/2-jp/4j git/2 \ 




y^^u/2-ip/4 _ ^g-«/2+jp/4j g-it/2 J 



(A.13) 



It is easy to check that (A.13) is the giant magnon in CP^. 

B Boundstate /S-matrix via Fusion 

In this appendix, we derive the boundstate S'-matrices (4.6)-(4.9). Let us start with the S- 
matrices for fundamental scattering. The SU{2\2) matrix S(a;f , xf) in (4. 2), (4. 3) can be written 
in terms of its matrix elements following the notation of [73] (see also [35]): 



i,j,k,l=l 



(B.l) 
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where are the usual matrix unities. For the cases (I)-(IV), the fundamental S'-matrices are 
given by 



s^^\xf,xf) = So{xf,xf)Sll{xf,xf) = SBDs{xf,X2)a{xf,xf) , (B.2) 
s^^^\xf,xf) = So{xf,xf)Sl2ixf,xf) = SBDsix^,xf)s2ix^,xf)a{xf,xf) , (B.3) 



s 



{xf,x^) = So{xf,x^)Sll{x^,x^)=a{xtxf), (B.4) 

s^^^\xf,xf) = So{xf,xf)Sli{xf,xf) = S2ixf,xf)a{xf,xf) , (B.5) 

where Sll{xf,xf) and Sl2{xf,xf) take the forms 

Sll{xtxt) = '-^^^^, (B.6) 
- xj r]irj2 

[Xi ,X2 ) — I — - -\ 1-^ +N/ - - + +N ! l-D- ' J 

\x^ -xj -a;^)(xia;2 - x^xj) J t]iT]2 



_x^ - X2 1-1/ (2^1 X2) r]ir]2 
Xi -xt 1-1/ (a^ra;^ ) ' 

and SBDs(a;i^, x^) and S2(x]'^,x^) are given by 

± ±\ -^l — -^2 1 — l/('^l~'^2 ) 



(B.8) 



SBDs(a;f , x^) = ^— ^ ■ , /, ; 1 , (B.9) 

^2(4, X^) = 4^ ■ ! : ! • (B.IO) 

The functions rji, rji {i = 1,2) are gauge dependent parameters. In spin-chain description, we 
should choose these parameters as 

!^ = !^ = i. (B.ii) 

Vl V2 

Now let us consider the scattering of two magnon boundstates with charges (or magnon 
numbers) Qi and Q2. The spectral parameters of boundstates should satisfy the BPS pole 
conditions: 

xi;,., = x+ , (ji = i,...,gi-i), (B.12) 

^2,j2 = ^th+l ' (J2 = 1, • • • , <52 - 1) • (B.13) 

For the convenience, we denote the outermost variables as X^, Xf: 

X+ = x+^, X^^x-Q^, X+ = x+^, X^=x-Q^. (B.14) 
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The S*- matrix of two boundstates can be constructed by the fusion procedure [79,82]. The 
boundstate S'-matrix is given by the product of S-matrices of two fundamental excitations: 

Qi Q2 

^W(x± x^^)^ n n^^^'H^t-i'^iJ (^ = i,n,ni,iv). (B.15) 

ii=i i2=i 

Using the boundstate conditions (B.12) and (B.13), the product of the BDS parts becomes 

Qi Q2 

5bDs(X± X±) = n n ^BDs(xt,v4.-J 

ii=ii2=i 

_ {xt - x,-)(i - 3^)(xr - x,-)(i - ^) xt + i,-x^-^-^;' 



ik 
h{X) 



(B.16) 



Similarly, 

Qi Q2 



S,{Xt,Xt)^\[\[s,{x%^.x 



ii=i i2=i 



The product of the dressing parts has the same form as the fundamental case. Combining all 
of these results, we obtain the boundstate S*- matrices for the four types of scattering (I)- (IV), 
given by (4.6)-(4.9). 
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